In this article we consider contact mappings on Carnot groups. Namely, we are interested in those mappings whose differential preserves the horizontal space, defined by the first stratum of the natural stratification of the Lie algebra of a Carnot group. We give a sufficient condition for a Carnot group G to admit an infinite dimensional space of contact mappings, that is, for G to be nonrigid. A generalization of Kirillov's Lemma is also given. Moreover, we construct a new example of nonrigid Carnot group.
Introduction
We are interested in the study of contact mappings on Carnot groups. In particular, we give a sufficient condition for a Carnot group to have an infinite dimensional space of contact mappings (Theorem 1). When this happens, the group is called nonrigid. The study of contact mappings has consequences in the theory of quasiconformal mappings and nonintegrable differential systems. For this reason contact mappings have been studied in several examples of Carnot groups. A remarkable piece of work concerning this circle of ideas is by Yamaguchi [10] . The main result leads to a complete classification of the rigid nilpotent Lie groups which arise as nilpotent parts of parabolic subgroups. In [5] Reimann showed that H-type groups are rigid provided that the dimension of the center is strictly greater than two. In a recent work, Cowling et al. [2] have proved rigidity results for homogeneous spaces G/P with G simple and P minimal parabolic. This is the situation considered by Yamaguchi, but their Complete results for rigidity of Carnot groups do not seem to be within reach yet. In this paper we make a first attempt to give a result that holds for Carnot groups in general. Further (Sect. 3), we present an example of nonrigid Carnot group which is far from being a jet space. This example can be generalized to a class of nonrigid Hessenberg manifolds.
Nonrigidity of Carnot groups: a sufficient condition
Let g be a Lie algebra over R. The vector space z := {X ∈ g : [X, g] = {0}} is the center of g. A nilpotent Lie algebra g has a p-step stratification if it can be written as
for every j ≥ 1. An ideal I in g is stratified if I = ⊕ p j=1 I j with I j = I ∩ g j and [I j , g 1 ] = I j+1 for every j = 1, . . . , p − 1. A Carnot group G is a connected, simply connected nilpotent Lie group, whose Lie algebra is stratified and equipped with an inner product such that g i ⊥ g j , i = j. By left translation, g defines the tangent bundle TG to G and the subspace g 1 defines a subbundle HG of TG which is called horizontal bundle or contact bundle. Equation (1) implies that the horizontal bundle has the property that it generates at each point the whole tangent space to G. A diffeomorphism
between open sets of G is called a contact mapping if the differential φ * preserves the horizontal bundle. By composition (when U = V), the space of contact mappings is a group. If the group of contact mappings is finite dimensional, then we say that G is rigid, whereas G is nonrigid if the group of contact mappings is infinite dimensional. The contact condition of a map can be read at the Lie algebra level. A contact vector field V on an open set of G is a smooth vector field which generates a local one parameter flow φ t of contact mappings. If X is a left invariant vector field corresponding to a vector X ∈ g 1 , we have
where L denotes the Lie derivative. Thus a smooth vector field V is a contact vector field if and only if [V,X ] ∈ HG, for everyX ∈ HG,
that is, ad V preserves the horizontal bundle. Clearly, if a Carnot group G admits an infinite dimensional space of contact vector fields, then G is nonrigid. We use this observation for proving the following theorem.
Theorem 1 Let G be a Carnot group with Lie algebra
If there exists X ∈ g 1 such that ad X : g → g has rank ≤ 1, then G is nonrigid.
